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Abstract
For strongly regular graphs with parameters (v, k, a, c) and fixed
smallest eigenvalue −λ, Neumaier [5] gave two bounds of c by using
algebraic property of strongly regular graphs. We define a new class of
regular graphs called sesqui-regular graphs, which are amply regular
graphs without parameter a. We prove that if a sesqui-regular graph
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with parameters (v, k, c) has very large k and fixed smallest eigenvalue
−λ, then c ≤ λ2(λ− 1) or v − k − 1 ≤ (λ−1)24 + 1 holds.
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1 Introduction
A strongly regular graph G with parameters (v, k, a, c) is a k-regular graph
with v vertices such that the number of common neighbors of any two adja-
cent vertices is exactly a and the number of common neighbors of any two
non-adjacent vertices is exactly c. Neumaier [5] proved the following two
theorems on strongly regular graphs.
Theorem 1.1. [5, Theorem 3.1] Let G be a connected strongly regular graph
with parameters (v, k, a, c). If G has smallest eigenvalue −λ for an integer
λ ≥ 2, Then G is a complete multipartite graph, or c ≤ λ3(2λ− 3).
Theorem 1.2. [5, Theorem 5.1] Let λ be an integer at least 2. Then except
for finitely many exceptions, any strongly regular graph with smallest eigen-
value −λ is a Steiner graph, a Latin square graph, or a complete multipartite
graph.
To prove Theorem 1.1 and Theorem 1.2, Neumaier used the Krein param-
eters of the underlying association scheme. In [7], Yang and Koolen showed
the following result on co-edge regular graphs.
Theorem 1.3. [7, Theorem 7.1] Let λ ≥ 1 be a real number. Let G be a con-
nected co-edge regular graph with parameters (v, k, c). Then there exists a real
number M(λ) (only depending on λ) such that, if G has smallest eigenvalue
at least −λ, then c > M(λ) implies that v − k − 1 ≤ (λ−1)2
4
+ 1 holds.
This result can be regarded as a generalization of Theorem 1.1.
Before we state our main results, we need to define a larger class of regular
graphs, which contains the class of strongly regular graphs. A sesqui-regular
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graph G with parameters (v, k, c) is a k-regular graph with v vertices such
that the number of common neighbors of any two vertices at distance 2 is
exactly c.
The first result is a slight generalization of Theorem 1.3 on sesqui-regular
graphs.
Theorem 1.4. Let λ ≥ 1 be a real number. Let G be a connected sesqui-
regular graph with parameters (v, k, c). Then there exists a real number M(λ)
(only depending on λ) such that, if G has smallest eigenvalue at least −λ,
then c > M(λ) implies that v − k − 1 ≤ (λ−1)2
4
+ 1 holds.
Theorem 1.4 can be proven with exactly the same method as the proof
of Theorem 1.3 for which we refer to [7]. Our main result is the following.
Theorem 1.5. Let G be a sesqui-regular graph with parameters (v, k, c).
Let λ ≥ 2 be an integer. Then there exists a constant C(λ) such that if
λmin(G) ≥ −λ and k ≥ C(λ), then one of the following holds:
(i) c ≤ λ2(λ− 1),
(ii) v − k − 1 ≤ (λ−1)2
4
+ 1.
Theorem 1.5 can be regarded as a generalization of Theorem 1.2, as a
Steiner graph with smallest eigenvalue −λ has c = λ2 and a Latin square
graph with smallest eigenvalue −λ has c = λ(λ− 1).
This paper is organized as follows. In Section 2, we present the basic
definition and properties of Hoffman graphs, quasi-clique, and associated
Hoffman graphs which are main tools of this paper. In Section 3, we introduce
some Hoffman graphs which will be used in Section 4. In Section 4, we give
a proof of Theorem 1.5.
2 Preliminaries
2.1 Definition and properties of Hoffman graphs
In this section, we introduce the definition and basic properties of Hoffman
graphs and associated Hoffman graph. For more details or proofs, see [3, 4, 6].
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Definition 2.1. A Hoffman graph h of a graph H is a pair (H, `) with a
labeling map ` : V (H)→ {f,s} satisfying two conditions:
(i) the vertices with label f are pairwise non-adjacent,
(ii) every vertex with label f has at least one neighbor with label s.
The vertices with label f are called fat vertices, and the set of fat vertices
of h are denoted by Vf (h). The vertices with label s are called slim ver-
tices, and the set of slim vertices are denoted by Vs(h). Now, we give some
definitions.
Definition 2.2. A Hoffman graph h1 = (H1, `1) is called an induced Hoffman
subgraph of a Hoffman graph h if H1 is an induced subgraph of H and `(x) =
`1(x) for all vertices x of H1.
Definition 2.3. Two Hoffman graphs h = (H, `) and h′ = (H ′, `′) are called
isomorphic if there exists a graph isomorphism from H to H ′ which preserves
the labeling.
Definition 2.4. For a Hoffman graph h = (H, `), let A(H) be the adjacency
matrix of H with a labeling in which the slim vertices come first. Then
A(H) =
(
As C
CT O
)
,
where As is the adjacency matrix of the subgraph of H induced by slim vertices
and O is the zero matrix.
Eigenvalues of the Hoffman graph h are the eigenvalues of the real sym-
metric matrix S(h) = As − CCT which called the special matrix of h.
Let λmin(h) denote the smallest eigenvalue of h. Now, we discuss some
spectral properties of λmin(h) of a Hoffman graph h and its induced Hoffman
subgraph.
Lemma 2.5. [6, Corollary 3.3.] If h′ is an induced Hoffman subgraph of h,
then λmin(h
′) ≥ λmin(h) holds.
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Let h be a Hoffman graph with Vf (h) = {F1, F2, . . . Ft}. For a positive
integer p, let G(h, p) be the graph obtained from h by replacing every fat
vertex of h by a complete graph Kp of p slim vertices, and connecting all
vertices of the Kp to all neighbors of the corresponding fat vertex by edges.
Theorem 2.6. [4, Theorem 2.2] Let h be a Hoffman graph and p be a positive
integer. Then
λmin(G(h, p)) ≥ λmin(h),
and
lim
p→∞
λmin(G(h, p)) = λmin(h).
2.2 Quasi-clique and associated Hoffman graph
For a positive integer m, let K˜2m be the graph on 2m+ 1 vertices consisting
of a complete graph K2m and a vertex which is adjacent to exactly half of
the vertices of K2m.
Lemma 2.7. Let λ be a positive real number. Then there exist minimum
positive integers t′(λ) and m′(λ) such that both λmin(K1,t′(λ)) < −λ and
λmin(K˜2m′(λ)) < −λ hold.
Proof. Since λmin(K1,t) = −
√
t, t′(λ) = λ2 + 1. By using equitable partition,
we can find that λmin(K˜2m) is the smallest eigenvalue of the matrix0 m 01 m− 1 m
0 m m− 1

since this matrix contains all eigenvalues of K˜2m which are not −1. It is
easily checked that
lim
m→∞
λmin(K˜2m) = −∞.
This shows the existence of m′(λ).
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Let G be a graph that does not contain K˜2m as an induced subgraph. For
a positive integer n ≥ (m + 1)2, let C(n) be the set of maximal cliques of G
with at least n vertices. Define the relation ≡mn on C(n) by C1 ≡mn C2 if each
vertex x ∈ C1 has at most m−1 non-neighbors in C2 and each vertex y ∈ C2
has at most m− 1 non-neighbors in C1 for C1, C2 ∈ C(n). Note that ≡mn on
C(n) is an equivalence relation, see [4, lemma 3.1].
For a maximal clique C ∈ C(n), let [C]mn denote the equivalence class
containing C under the equivalence relation ≡mn . We can define the term
quasi-clique as follows:
Definition 2.8. Let m,n be two integers at least 2 such that n ≥ (m + 1)2
and let G be a graph that does not contain K˜2m as induced subgraph. For
a maximal clique C ∈ C(n), the quasi-clique Q[C]mn with respect to the pair
(m,n) of G is the induced subgraph of G on the vertices with at most m− 1
non-neighbors in C.
To check the well-definedness of the quasi-clique Q[C]mn for C ∈ C(n), we
refer the reader to [4, Lemma 3.2 and Lemma 3.3].
Definition 2.9. Let m,n be two integers at least 2 such that n ≥ (m+ 1)2.
Let G is a graph which does not contain K˜2m as an induced subgraph. Let
[C1]
m
n , [C2]
m
n , · · · , [Ct]mn be all the equivalence classes of G under ≡mn . The
associated Hoffman graph g = g(G,m, n) is the Hoffman graph with the fol-
lowing conditions:
(i) Vs(g) = V (G), and Vf(g) = {F1, . . . , Ft}, where t is the number of
equivalence classes of G under ≡mn ,
(ii) the slim subgraph of g is isomorphic to G,
(iii) the fat vertex Fi is adjacent to every vertices of the quasi-clique Q[Ci]
m
n
for i = 1, 2, . . . , t.
The following proposition shows an important property of the associated
Hoffman graph.
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Proposition 2.10. [4, Proposition 4.1.] Let G be a graph which does not
contain K˜2m as an induced subgraph. Then there exists a positive integer
n = n(m,φ, σ, p) ≥ (m + 1)2 such that for any integer q ≥ n, and any
Hoffman graph h with at most φ fat vertices and at most σ slim vertices, the
graph G(h, p) is an induced subgraph of G if the graph G does not contain
K˜2m as an induced subgraph.
3 Some Hoffman graphs
In this section, we introduce some Hoffman graphs which will be used in the
proof of Theorem 1.5.
For a graph H, let q(H) be the Hoffman graph obtained by attach-
ing one fat vertex to all vertices of H. Then it is easily checked that
λmin(q(H)) = −λmax(H) holds, where λmax(H) is the maximum eigenvalue
of the complement H of H.
Lemma 3.1. Let λ ≥ 2 be an integer. Let H be a graph with λ2 + 2 vertices
which has at least one isolated vertex. Then λmin(q(H)) < −λ.
Proof. Let H be a graph with λ2 + 2 vertices which has at least one isolated
vertex. Since H has an isolated vertex, H contains K1,λ2+1 as a subgraph.
By Perron-Frobenius Theorem, λmax(H) ≥ λmax(K1,λ2+1) =
√
λ2 + 1 > λ.
Hence, λmin(q(H)) = −λmax(H) < −λ.
Lemma 3.2. Let λ ≥ 2 be an integer. Let {H(λ)i}r(λ)i=1 be the set of all
graphs with λ2 + 2 vertices which have at least one isolated vertex. Then
there exists an integer p′(λ) such that λmin(G(q(H(λ)i), p′(λ)) < −λ for all
i = 1, . . . , r(λ).
Proof. For each i, λmin(q(H(λ)i)) < −λ by Lemma 3.1. Then there exist
positive integers pi(λ) such that λmin(G(q(H(λ)i), pi(λ)) < −λ for all i =
1, . . . , r(λ) by Theorem 2.6. By taking p′(λ) = max{pi(λ)}, we are done.
Remark 3.3. Let H be the graph Kλ2+1 ∪K1 and let H ′ be any graph with
λ2 + 2 vertices which has at least one isolated vertex. It can be shown that
λmin(G(q(H), p
′(λ))) ≥ λmin(G(q(H ′), p′(λ))).
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Now, we introduce two Hoffman graphs h(t) and h(t,1). The Hoffman graph
h(t) is a Hoffman graph with one slim vertex adjacent to t fat vertices. The
Hoffman graph h(t,1) is a Hoffman graph with two adjacent slim vertex st
and s1 such that st is adjacent to t fat vertices and s1 is adjacent to one fat
vertex different from t fat vertices adjacent to st. (See Figure 1.) Note that
λmin(h
(t)) = −t and λmin(h(t,1)) = −t−1−
√
t2−2t+5
2
.
Figure 1: the Hoffman graph h(4) and h(3,1)
We need one more Hoffman graph. Let cn be the Hoffman graph obtained
by attaching one fat vertex to n vertices of Kn+1. (See Figure 2.) Then
λmin(cn) =
−1−√1+4n
2
.
Kn
Figure 2: the Hoffman graph cn
The following lemma follows immediately by Theorem 2.6.
Lemma 3.4. Let λ ≥ 2 be an integer. Then there exists a positive integer
p′′(λ) such that the following three conditions hold.
(i) λmin(G(h
(λ+1), p′′(λ)) < −λ,
(ii) λmin(G(h
(λ,1), p′′(λ)) < −λ,
(iii) λmin(G(cλ2−λ+1, p′′(λ)) < −λ.
4 Proof of the main theorem
Now, we are in the position to prove Theorem 1.5.
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Proof of Theorem 1.5. Let G be a sesqui-regular graph with parameters
(v, k, c) and smallest eigenvalue at least −λ. We can find that if c > M(λ),
then v − k − 1 ≤ (λ−1)2
4
+ 1 holds by Theorem 1.4. Now, suppose that
c ≤M(λ).
Let p = max{p′(λ), p′′(λ)}, where p′(λ) and p′′(λ) are the constants in
Lemma 3.2 and 3.4. Let n = n(m′, λ + 1, λ2 − λ + 1, p), where m′ is the
constant m′(λ) in Lemma 2.7 and n(m′, λ+ 1, λ2 − λ + 1, p) is the constant
in Proposition 2.10. Let n′ = max{n,M(λ) + 2λ2 + 3} and let C(λ) =
R((λ2 − λ)(R(n′, t′) − 1) + 1, t′) where t′ = λ2 + 1 and R(n′, t′) denotes the
Ramsey number.
Suppose that k ≥ C(λ). By the property of Ramsey numbers, every
vertex of G lies in a clique of size (λ2−λ)(R(n′, t)−1)+1. It implies that every
vertex of G lies in at least one quasi-clique with size at least (λ2−λ)(R(n′, t)−
1) + 1. By Proposition 2.10, the associated Hoffman graph g(G,m′, n′) does
not contain Hoffman graphs in the set {h(λ+1), h(λ,1), cλ2−λ+1}
⋃{q(Hi)}r(λ)i=1
as induced Hoffman subgraphs.
From now on, we only consider quasi-cliques with respect to (m′, n′).
Claim 1. The following holds:
(i) every vertex of G lies in at most λ quasi-cliques. Moreover, if there is
a vertex x that lies in exactly λ quasi-cliques, then every slim neighbor
of x lies in at least one of those λ quasi-cliques containing x.
(ii) for a vertex x and a quasi-clique C which does not contain x and is a
clique, x has at most λ2 − λ neighbors in C.
(iii) for a vertex x and a quasi-clique Cx which contains x, x has at most λ
2
non-neighbors in Cx.
Proof of Claim 1. (i): If there is a vertex of G which lies in λ + 1 quasi-
cliques, then g(G,m′, n′) should contain h(λ+1) as an induced subgraph. Sup-
pose that a vertex x which lies in exactly λ quasi-cliques has a slim neighbor
y which does not lie in one of those λ quasi-cliques. Since y lies in a quasi-
clique, g(G,m′, n′) should contain h(λ,1) as an induced subgraph.
(ii): If x has λ2 − λ+ 1 neighbors in C, then g(G,m′, n′) should contain
cλ2−λ+1 as an induced subgraph.
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(iii): If x has λ2 +1 non-neighbors in Cx, then g(G,m
′, n′) should contain
one of q(Hi) as an induced subgraph.
Claim 2. Every quasi-clique of G is a clique.
Proof of Claim 2. Let C be a quasi-clique of G. Then |C| ≥ n′ ≥
M(λ) + 2λ2 + 3. Suppose that there are two non-adjacent vertices x, y in C.
Then both x and y have at most λ2 non-neighbors in C by Claim 1 (iii). It
implies that they have more than M(λ) common neighbors and it contradicts
to the assumption that c ≤M(λ).
Let x be a vertex of G. Suppose that x lies in exactly s quasi-cliques
C1, . . . , Cs, where s ≤ λ. First, consider the case such that every neighbor of
x lies in one of Ci for i = 1, . . . , s. Then for a vertex w with d(x,w) = 2, w
does not lie in any of Ci by Claim 2. By Claim 1 (ii), w has at most λ
2 − λ
neighbors in each Ci. Therefore, c ≤ sλ(λ− 1) ≤ λ2(λ− 1).
Suppose that there is a neighbor y of x which does not lie in any of Ci
for i = 1, . . . , s. Then s ≤ λ − 1 by Claim 1 (i). Since y has at least C(λ)
neighbors, we can find a quasi-clique D with size at least n′′, which contains
y but does not contain x.
Claim 3. There is a neighbor z ∈ D of y such that if x and z have a common
neighbor w, then w ∈ D or w ∈ Ci for some i = 1, . . . , s.
Proof of Claim 3. Let T be the set N(x)\⋃si=1 V (Ci), where N(x) denotes
the neighbors of x. If |T | ≥ R(n′, t′), then T contains a clique of size at
least n′. It contradicts to the fact that x lies in exactly s quasi-cliques, so we
obtain |T | ≤ R(n′, t′) − 1. Every vertex of T has at most λ2 − λ neighbors
in D, so we can find such z since |D| > (λ2 − λ)(R(n′, t′)− 1).
Now, x has at most λ2 − λ neighbors in D and z has at most λ2 − λ
neighbors in each Ci by Claim 1 (ii). Hence, we can conclude that c ≤
λ2 − λ+ s(λ2 − λ) ≤ λ2(λ− 1).
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